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WAVE BREAKING IN A CLASS OF NON-LOCAL CONSERVATION
LAWS
YONGKI LEE†
Abstract. For models describing water waves, Constantin and Escher [4]’s works have
long been considered as the cornerstone method for proving wave breaking phenomena.
Their rigorous analytic proof shows that if the lowest slope of flows can be controlled by
its highest slope initially, then the wave-breaking occur for the Whitham-type equation.
Since this breakthrough, there have been numerous refined wave-breaking results estab-
lished by generalizing the kernel which describes the dispersion relation of water waves.
Even though the proofs of these involve a system of coupled Riccati-type differential
inequalities, however, little or no attention has been made to a generalization of this
Riccati-type system. In this work, from a rich class of non-local conservation laws, a
Riccati-type system that governs the flow’s gradient is extracted and investigated. The
system’s leading coefficient functions are allowed to change their values and signs over
time as opposed to the ones in many of other previous works are fixed constants. Up to
the author’s knowledge, the blow-up analysis upon this structural generalization is new
and is of theoretical interest in itself as well as its application to various non-local flow
models. The theory is illustrated via the Whitham-type equation with nonlinear drift.
Our method is applicable to a large class of non-local conservation laws.
1. Introduction
Wave breaking phenomena−bounded solutions with unbounded derivatives−usually
appeared in water wave and traffic flow models. The aim of the present work is to
investigate the wave breaking phenomena for a class of non-local conservation laws,
(1.1)
{
∂tu+ ∂xF (u, u¯) = 0, t > 0, x ∈ R,
u(0, x) = u0(x), x ∈ R,
where u is the unknown, F is a given smooth function, and u¯ is given by
(1.2) u¯(t, x) = (K ∗ u)(t, x) =
∫
R
K(x− y)u(t, y) dy,
where K to be chosen later. The nonlinear advection couples both local and nonlocal
mechanism. This class of conservation laws, identified in [17], appears in several ap-
plications including traffic flows [33, 12], the collective motion of biological cells [5, 2],
dispersive water waves [36, 9, 23], the radiating gas motion [8, 24], high-frequency waves
in relaxing medium [10, 27, 35] and the kinematic sedimentation model [13, 37, 1].
One of aspects of our interest in this class of non-local conservation laws is the critical
threshold phenomena, as in many other hyperbolic balance laws. As is known that the
typical well-posedness result asserts that either a solution of a time-dependent PDE exists
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for all time or else there is a finite time such that some norm of the solution becomes
unbounded as the life span is approached. The natural question is whether there is a
critical threshold for the initial data such that the persistence of the C1 solution regularity
depends only on crossing such a critical threshold. This concept of critical threshold(CT)
and associated methodology is originated and developed in a series of papers by Engelberg,
Liu and Tadmor [6, 24] for a class of Euler-Poisson equations.
The wave breaking criterion is established for several model equations of the form (1.1)
and the Euler-Poisson system. There are some distinguished special cases of (1.1) with
the kernel K:
• A traffic flow model with Arrhenius look-ahead dynamics [33]
ut + [u(1− u)e−u¯]x = 0,
corresponding to (1.1) with F (u, u¯) = u(1− u)e−u¯ and
(1.3) K(r) =
{
K0/γ, if−γ ≤ r ≤ 0,
0, otherwise;
• A shallow water model proposed by Whitham [36]
ut +
3c0
2h0
uux + u¯x = 0,
corresponding to (1.1) with F (u, u¯) = 3c0
4h0
u2 + u¯ and K(r) = pi
4
exp(−pi|r|/2);
• The hyperbolic Keller-Segel model with logistic sensitivity [5]
(1.4)
{
ut + [u(1− u)∂xS]x = 0,
−Sxx + S = u,
corresponding to (1.1) with F (u, u¯) = u(1− u)u¯ and K(r) = ∂r(e−|r|/2);
• A nonlocal dispersive equation modeling particle suspensions [30, 31, 37]
ut + ux + ((Ka ∗ u)u)x = 0,
corresponding to (1.1) with F (u, u¯) = u+ u¯u, Ka(r) = a
−1K(r/a) and
(1.5) K(r) =
{
2/(3(r2/4− 1)) if |r| < 2,
0, otherwise.
• A traffic flow model with nonlocal-concave-convex flux [14, 7, 22]
ut + [u(1− u)2e−u¯]x = 0,
corresponding to (1.1) with F (u, u¯) = u(1− u)2e−u¯, and the kernel in (1.3).
Blow-up techniques are quite particular to each type of equation, there is no general
method. Motivated by Seliger [32], Constantin and Escher [4]’s ingenious works, our
goal in this work is to establish a quite representative sample of methods to accomplish
wave-breaking for a class of nonlocal conservation laws.
Seliger [32] and Constantin and Escher [4]’s works have been considered as the corner-
stone method for proving wave breaking for Whitham-type equation,
(1.6) ut + uux +
∫
R
K(x− z)uz(t, z) dz = 0,
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with bounded and integrable kernel. Seliger’s ingenious argument is formally tracing the
dynamics of
(1.7) m1(t) := min
x∈R
[ux(t, x)], and m2(t) := max
x∈R
[ux(t, x)],
along two different curves ξ1(t) := argminx[ux(t, x)] and ξ2(t) := argmaxx[ux(t, x)]. More
precisely, by differentiating (1.6) and evaluating it at x = ξi(t), he obtained the following
Riccati type equation
(1.8)
D
Dt
mi = −m2i + · · · , i = 1, 2
which yield the desired wave breaking. Here D
Dt
is the convective derivative, i.e. D
Dt
:=
∂t+u∂x. To carry out Seliger’s formal analysis, one needs to assume that the curves ξi(t),
i = 1, 2 are smooth. This additional strong assumption was shown unnecessary later by
Constantin and Escher.
Following their methods, the author [17] identified sub-thresholds for finite time shock
formation in a class of nonlocal conservation laws, which we summarize here. Under the
following two assumptions:
(H1). F ∈ C3(R,R), and the kernel K(r) ∈ W 1,1 satisfying
K(r) =
{
Nondecreasing, r ≤ 0,
0, r > 0.
(H2). F (0, ·) = F (m, ·) = 0 and
Fuu < 0, Fu¯u¯ > 0, Fu¯ < 0 for u ∈ [0, m],
we have the following result.
Theorem 1.1. ([17]) Consider (1.1) with (1.2) under assumptions (H1)-(H2). If u0 ∈ H2
and 0 ≤ u0(x) ≤ m for all x ∈ R, then there exists a non-increasing function λ(·) such
that if
sup
x∈R
[u′0(x)] > λ(inf
x∈R
[u′0(x)]),
then ux must blow up at some finite time.
In our proof [17], the condition Fuu < 0 in (H2) is crucial. That is, the global flux
function F (u, u¯) must be either concave up only or concave down only during a solution’s
life span. Essentially the same stipulation is inherent for the models in [4, 25] and many
blow-up analysis that use a Riccati-type equation e.g., [16, 15, 34]. This is because Fuu
serve as the leading coefficient function of the Riccati type equation and sign changes of
Fuu flip over the phase diagram of d := ux (setting aside other factors) which governed by
D
Dt
d(t) = −Fuu(t)d2(t) + · · · .
If the global flux function changes its concavity over time, like some models in next
sections, then one is facing the following system after evaluating the above equation at
ξi(t):
(1.9)
D
Dt
mi(t) = gi(t)m
2
i (t) + · · · , i = 1, 2,
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where mi defined in (1.7) and gi(t) is the evaluation of −Fuu at ξi(t). Here gi(t) are
allowed to change their signs as t evolves(due to the flux’s concavity changing).
The system in (1.9) structurally generalize the system (1.8), which has −1 as its dom-
inating coefficient. There has been many efforts to generalize/calibrate a kernel K which
describes the dispersion relation of water waves, and changing kernel is corresponds to the
changes of non-dominating coefficient functions in (1.8) or (1.9). In spite of the fact that
(1.9) displays the dynamics of a flow gradient for rich class of non-local conservation laws
(1.1), little or no attention has been made to this generalization of dominating coefficients
in (1.9).
In the present work, we investigate the blow-up condition of the system (1.9), which in
turn identifies the wave breaking phenomena of (1.1) with concavity changing F . As an
application of our method, we discuss the wave breaking of the following Whitham-type
equation (13.131) in [36]:
ut +
(
3
√
g(h0 + u)− 2
√
gh0
)
ux +
∫
R
K(x− y)uy(t, y) dy = 0.
In the next section, the significances of the above models are discussed along with the
recent studies on similar models. We want to point out that our argument work equally
well with not only the above equations, but also a large class of non-local conservation
law in (1.1), as well as many generalized kernels.
The remainder of the paper is organized as follows. In Section 2, we introduce the goal of
this paper. In Section 3, we bring the “original” Whitham-type equation from [36], which
has nonlinear and more physically relevant wave drifting term. The differences between
the Whitham-type equation and this “original” Whitham-type equation are discussed,
and challenges in blow-up analysis on this model is introduced. Then the wave-breaking
condition of the model is identified. Finally, Sections 4 is devoted to provided the detailed
proof of theorem in Sections 3.
We want to emphasize the method and not the technicalities. For this reason we focus
on the cases of simple kernels. it is not hard to see then how the method applies to the
more complicated kernel cases handled in e.g., [25, 14, 17].
2. Hightlights of this paper
In this section, we briefly discuss our methods of the blow-up analysis for a class of
non-local conservation laws, and the goal of this paper.
(2.1)
{
∂tu+ ∂xF (u, u¯) = 0, t > 0, x ∈ R,
u(0, x) = u0(x), x ∈ R,
along with application to the various models.
Let d = ux, then applying ∂x to the first equation of (2.1) leads
(2.2) d˙ := (∂t + F1∂x)d = −[F11d2 + 2F12u¯xd+ F22u¯2x + F2u¯xx].
We trace the dynamics of F11 along the characteristic. Since
∂tF11 = F111ut + F112u¯t
= F111 · (−F1ux − F2u¯x) + F112u¯t,
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and
F1∂xF11 = F1(F111ux + F112u¯x),
it follows that
(2.3) F˙11 := (∂t + F1∂x)F11 = (−F111F2 + F1F112)u¯x + F112u¯t.
Here Fi denotes the derivative of F (u, u¯) with respect to its i-th component.
We should point out that ux terms are cancelled out in F˙11. That is, the rate of change
of F11 along the characteristic does not carry the rate of change of u. This enable us to
perform the blow-up analysis on the Riccati-type ODE in (2.2) even though the leading
coefficient function F11 can change its sign.
In many cases F˙11 has either uniform constant bounds or bounds that depend on u
only. We first list some examples that F˙11 is bounded by some constant:
• The hyperbolic Keller-Segel model with logistic sensitivity [5] corresponds to (2.1) with
F (u, u¯) = u(1− u)u¯ and K(r) = ∂r(e−|r|/2) has
F˙11 ≥ −3
4
,
where F11 = −2u¯ can change its sign. The detailed derivation of the bound and blow-up
result can be found in [18].
• A traffic flow model with Arrhenius look-ahead dynamics [33] corresponds to (2.1) with
F (u, u¯) = u(1− u)e−u¯ and
(2.4) K(r) =
{
K0/γ, if−γ ≤ r ≤ 0,
0, otherwise.
In this model, F11 = −2e−u¯ does not change its sign. The blow-up results of this model
can be found in [19, 17]. One may obtain a sharper blow-up condition because
F˙11 = e
−u¯{2(1− 2u)u¯xe−u¯ + 2u¯t}
and all terms herein have some uniform bounds inherited from a priori bounds 0 ≤ u ≤ 1.
• A traffic flow model with a nonlocal-concave-convex flux [14] corresponds to (2.1) with
F (u, u¯) = u(1− u)2e−u¯
and the kernel in (2.4). In this model, F11 = (−4 + 6u)e−u¯ can change its sign. However,
since there exists a constant α such that
|F˙11| ≤ α,
one can obtain the blow-up condition of ux [14].
For the above models, our blow-up analysis argument can be summarized as follows.
Consider the Riccati type ODE in (2.2), i.e.,
(2.5) d˙ = −F11(d−R1)(d−R2),
where R1 ≤ R2 are the roots of the quadratic equation in (2.2). Since there exists α > 0
such that |F˙11| ≤ α, one can find t∗ > 0 such that F11 does not change its sign for
t ∈ [0, t∗]. Using (2.5), we then find the set of initial data that lead to the blow-up of d
before t∗. Since R1 and R2 in (2.5) involve some global terms, in order to estimate these,
one need to use Seliger’s argument, i.e., tracing the dynamics of min ux and maxux.
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One may think an extension of this method by considering the case such that
|F˙11| ≤ h(u)
for some function h(·) and no uniform bound of u is known. More precisely, consider a
class of nonlocal dispersive equations of the form e.g., [23]
ut + auux + [Q ∗B(u, ux)]x = 0.
This equation includes many shallow water models e.g., Camassa-Holm equation, Whitham
equation, and Korteweg-de Vries equation. Considering the above nonlocal dispersive
equation with some nonlinear drift
ut + f(u)ux + [Q ∗B(u, ux)]x = 0,
it follows that
d˙ = −f ′(u)d2 + · · · .
We shall consider the cases such that f ′(u) changes its sign and there is no uniform bound
of u. The goal of this paper is to establish a quite representative sample of methods that
accomplish wave-breaking for a large class of non-local conservation laws (1.1) equipped
with concavity changing flux.
3. Breaking of waves for Whitham-type equations with non-linear drift
The surface wave model that motivated this study is the Whitham type equation:
(3.1) ηt +
3c0
2h0
ηηx + [K ∗ η]x = 0.
The function η(t, x) models the deflection of the fluid surface from the rest position. Here,
h0 denotes the undisturbed fluid depth, and c0 :=
√
gh0 denotes the limiting long-wave
speed where g is the gravitational acceleration constant. The equation was proposed by
Whitham as an alternative to the KdV equation for the description of wave motion at the
surface of a perfect fluid by simplified evolution equations. Whitham emphasized that the
breaking phenomena(bounded solutions with unbounded derivatives) is one of the most
intriguing long-standing problems of water wave theory, and since the KdV equation can’t
describe breaking, he suggested (3.1) with the singular kernel.
We want to point out that the linear drift term 3c0
2h0
η is actually a result of linear
approximation for the nonlinear wave propagating speed. Indeed, in the nonlinear shallow
water equations
ηt + h0ux + (ηu)x = 0, ut + uux + gηx = 0,
a waves propagating to the right into undisturbed water of depth h0 satisfies the Riemann
invariant
u = 3
√
g(h0 + η)− 2
√
gh0.
With this consideration, Whitham derived the equation (13.131) in [36]:
(3.2)
{
ηt +
(
3
√
g(h0 + η)− 2
√
gh0
)
ηx +
∫
R
K(x− y)ηy(t, y) dy = 0, t > 0, x ∈ R,
η(0, x) = η0(x), x ∈ R.
The main contribution of this section is to show the wave breaking of the “original”
Whitham type equation (3.2) provided that K be bounded and integrable, among other
hypotheses.
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In our study we set g = h0 = 1, since these constants are not essential in our blow-up
analysis. Also, for our notational convenience we use u(t, x) as our unknown function.
That is, we will consider
(3.3)
{
ut + f(u)ux +
∫
R
K(x− y)uy(t, y) dy = 0, t > 0, x ∈ R,
u(0, x) = u0(x), x ∈ R,
where f(u) = 3
√
1 + u− 2.
We note that even though the reverted Whitham equation (3.3) looks similar to the
model in (3.1), they are quite different in the perspectives of modeling and blow-up
analysis. Let d = ηx and apply ∂x to (3.1), it follows that
(3.4)
D
Dt
d = − 3c0
2h0
d2 + · · · ,
where D
Dt
:= (∂t+
3c0
2h0
η∂x) is the convective derivative operator. On the other hand, letting
d = ux and applying ∂x to (3.3) gives
(3.5)
D
Dt
d = −f ′(u)d2 + · · · ,
where the convective derivative operator is defined similarly and
−f ′(u) = −3
2
1√
1 + u
.
We first address the difference in modeling aspect. In (3.4), the wave breaking can
occur at any height of the wave as long as d = ux initially satisfies the blow up criteria in
[4]. In contrast to this, the leading coefficient function in (3.5) is taking into account u;
the fluid deflection. Therefore, during the course of the proof we anticipate some balance
between wave height and its gradient that leads to the wave breaking. It is not clear which
one is more physically relevant, but in (3.5) the fluid wave’s height plays an important
role for the wave breaking whereas the height in (3.4) plays no role for the wave breaking.
In the blow up threshold analysis aspect, the model in (3.5) can be viewed as a gener-
alization of (3.4). There has been numerous effort focused on showing the wave breaking
with generalized and refined Kernel K. Some recent works in this direction can be found
in [25, 11] and reference therein. However, little or no attention has been made to the
structural generalization given in (3.5). Heuristically, the magnitudes of the leading coef-
ficient functions in the Riccati equations (3.4) and (3.5) determine how wide the quadratic
functions’ graphs are. Moreover, the roots of the quadratic function will be phase switch-
ing locations of the Riccati differential equation phase diagram. For the traffic flow model
with look-ahead dynamics [17, 19, 14], even though the Riccati equation has a relatively
simple leading coefficient, the roots are changing their locations in time, and generic non-
locality makes estimation of these roots difficult. In (3.5), the roots of the quadratic
equation are changing over time due to −f ′(u) as well as the non-locality.
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If we assume that there exists a conserved quantity, for example ‖u(t)‖H1 = ‖u0‖H1 for
(3.3) like the Camassa-Holm equation, then since
u2(t, x) =
∫ x
∞
uux dy −
∫ ∞
x
uux dy
<
1
2
∫ x
−∞
u2 + u2x dy +
1
2
∫ ∞
x
u2 + u2x dy =
1
2
‖u(t)‖2H1,
one may rewrite (3.5) as
D
Dt
d < −3
2
1√
1 + ‖u0‖H1/
√
2
d2 + · · ·
and can simply obtain wave breaking result using the argument in [4]. However, our proof
is based on estimating the rate of change of −f ′(u) along the same characteristic, not the
non-sharp and “may not exist” inequality
|u(t)| ≤ ‖u0‖H1√
2
,
that may lead to some non-sharp blow-up condition. Moreover, our argument work equally
well with any smooth function f(u) and many generalized or singular kernels K in [25, 11].
To state our main result, we introduce several quantities with which we characterize
the initial behavior of profile u(t, x). These are
m1(0) := inf
x∈R
[ux(0, x)], m2(0) := sup
x∈R
[ux(0, x)],
and
ξ1(0) := argmin[u
′
0(x)], ξ2(0) := argmax[u
′
0(x)],
i.e., points for which u′0(x) attains its maximum and minimum, respectively, and
uM0 := max
i=1,2
[u(0, ξi(0))], u
m
0 := min
i=1,2
[u(0, ξi(0))].
Theorem 3.1. Let u ∈ C∞([0, T );H∞(R)) be a solution of (3.3) before breaking. Assume
K(x) in (3.3) is regular(smooth and integrable over R) and symmetric and monotonically
decreasing on R+. If there exists a constant µ such that −3
2
1√
1+uM
0
≤ µ < 0 and
(3.6) inf
x∈R
[u′0(x)] ≤ min
[
2K(0)
µ
− sup
x∈R
[u′0(x)],
K(0)
µ
+ E
(
µ, κ, um0 , u
M
0
)]
,
then ux must blow-up at some finite time. Here,
E
(
µ, κ, um, uM
)
:=
1
µ
(
3
4
‖K ′‖L∞‖u0‖L1
(κ(1 + um))3/2
)(
µ+
3
2
1√
1 + uM
)−1
,
and
κ(µ, um, uM) :=
(
4
3
µ
√
1 + um + 2
√
1 + um√
1 + uM
+ 1
)−1
.
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Some remarks are in order regarding this result.
i) The wave breaking condition of Whitham’s equation in [4] is
(3.7) inf
x∈R
[u′0(x)] + sup
x∈R
[u′0(x)] < −2K(0).
Besides these lowest/highest initial slopes, the wave breaking for the reverted Whitham’s
equation depends on several initial quantities including the initial values of
−f ′(u(t, x)) = −3
2
1√
1 + u(t, x)
evaluated at ξi(0). This is natural because the key in our proof is tracing the dynamics of
−f ′(u(t, x))(along the characteristic), which serve as the leading coefficient of the Riccati
equation.
ii) The conditions in (3.6) and (3.7) are quite similar; the lowest/highest initial slopes
play the major role in the wave-breaking conditions. In addition to this, in (3.6) one can
observe some balance between these slopes and the values of the fluid deflection u evalu-
ated at ξi. Indeed, the negative function E in the right hand side of (3.6) is decreasing
in uM and increasing in um. This may be interpreted as, even if the lowest initial slope
is sufficiently low, the wave breaking may not occur if the lowest initial slope is attained
at too high or too low wave height. In contrast to this, the wave breaking condition for
Whitham equation in [4] showes that the wave breaking can occur at any height as long
as the initial slope satisfies the conditions in (3.7).
iii) In the proof of Theorem 3.1, we want to emphasize the method and not the technicali-
ties. For this reason we considered the simplest kernel handled in [4]. But our argument in
the proof works equally well for the completed kernels handled in [25] and generic smooth
function f(u). Also, the constants in the blowup condition could be optimized by more
delicate estimate.
4. Proof of Theorem 3.1
In this section, we turn now to the proof of Theorem 3.1. We consider
(4.1)
{
ut + f(u)ux +
∫
R
K(x− y)uy(t, y) dy = 0, t > 0, x ∈ R,
u(0, x) = u0(x), x ∈ R.
with
f(u) := 3
√
1 + u− 2.
Let d = ux and applying ∂x to the first equation of (4.1), we obtain
D
Dt
d := (∂t + f(u)∂x)d
= −f ′(u)d2 −
∫
R
K(z)uxx(t, x− z) dz.
(4.2)
We then trace the evolution of −f ′(u) along the same characteristic. That is, we estimate
D
Dt
(−f ′(u)) = (∂t + f(u)∂x)(−f ′(u)).
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Lemma 4.1. For t > 0, it holds,
−3
4
M
(1 + u)3/2
≤ D
Dt
(−f ′(u)) ≤ 3
4
M
(1 + u)3/2
,
where M := ‖K ′‖L∞‖u0‖L1.
Proof. It follows from the first equation in (4.1) that
∂tf
′(u) = f ′′(u)ut = f ′′(u){−f(u)ux −
∫
R
K(x− y)uy(t, y) dy}.
Since f(u)∂xf
′(u) = f(u)f ′′(u)ux, DDtf
′(u) = ∂tf ′(u) + f(u)∂xf ′(u) is reduced to
D
Dt
f ′(u) = −f ′′(u)
∫
R
K(x− y)uy(t, y) dy.
Integration by parts and f ′′(u) = −3
4
1
(1+u)3/2
give the desired result. 
Unlike with the leading coefficient functions of several models in Section 2, the rate of
change of −f ′(u) along the characteristic does not have uniform constant bounds, and
depends on u. Tracing the evolution of u using the first equation of (4.1), along the same
characteristic gives
(4.3) −M ≤ D
Dt
u ≤M,
where M defined above. Integrating (4.3) over [0, t] gives
u ≥ −Mt + u(0).
Recalling the bounds in Lemma 4.1, we get
(4.4)
D
Dt
(−f ′(u)) ≤ 3
4
M
(−Mt + u(0) + 1)3/2 .
Note that the expression in the right hand side, is valid only when −Mt + u(0) + 1 > 0.
We now let
m1(t) := inf
x∈R
[ux(t, x)] = d(t, ξ1(t)) and
m2(t) := sup
x∈R
[ux(t, x)] = d(t, ξ2(t)).
Evaluating the inequality in (4.4) at x = ξi(t), i = 1, 2, we obtain
D
Dt
(
− f ′(u(t, ξi(t)))
)
≤ 3
4
M
(−Mt + u(0, ξi(0)) + 1)3/2 ,
or
(4.5)
D
Dt
(
− f ′(u(t, ξi(t)))
)
≤ 3
4
M
(−Mt + um0 + 1)3/2
, i = 1, 2,
where
um0 := min
i=1,2
[
u(0, ξi(0))
]
.
It follows that the inequality (4.5) holds for t ∈ [0, um0 +1
M
).
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We are now headed to find a short time negative upper bound of −f ′(u(t, ξi(t))). We
choose some
(4.6)
∼
M >
3
4
M
(um0 + 1)
3/2
,
then (4.5) gives
(4.7)
D
Dt
(
− f ′(u(t, ξi(t)))
)
≤ 3
4
M
(−Mt + um0 + 1)3/2
<
∼
M,
for 0 ≤ t < t∗∗. Here
(4.8) t∗∗ =
1
M
{
1 + um0 −
(
3
4
M
∼
M
)2/3}
<
um0 + 1
M
.
Integrating (4.7) over [0, t], we get
−f ′(u(t, ξi(t))) ≤
∼
Mt− f ′(u(0, ξi(0))), 0 ≤ t ≤ t∗∗.
Since −f ′(u) = −3
2
1√
1+u
, it follows that
(4.9) − f ′(u(t, ξi(t))) ≤
∼
Mt− 3
2
1√
1 + uM0
, 0 ≤ t ≤ t∗∗, i = 1, 2,
where
uM0 := max
i=1,2
[
u(0, ξi(0))
]
.
Now we arrive at the key inequality; from (4.9) we see that for
µ ∈
[
− 3
2
1√
1 + uM0
, 0
)
,
and
(4.10) t∗ =
1
∼
M
(
µ+
3
2
1√
1 + uM0
)
,
µ serves as a short time negative upper bound of −f ′(u(t, ξi(t))), therefore
(4.11) − f ′(u(t, ξi(t))) ≤ µ < 0, for t ∈ [0, t∗].
Evaluating (4.2) at x = ξi(t), i = 1, 2, and using the above upper bound, we obtain
(4.12)
D
Dt
mi = µm
2
i −
∫
R
K(z)uxx(t, ξi(t)− z) dz, a.e. on (0, t∗), i = 1, 2.
We are aim to find an initial profile of (4.1) that yields wave breaking. In order to do
this, we seek the initial profiles that lead to the blow-up of d = ux before t
∗. That is, we
shall need to i) find the blow-up condition of (4.12), ii) check if the blow-up occur before
t∗. Furthermore, one need to verify
t∗ < t∗∗,
with an appropriate choice of
∼
M . From (4.10) and (4.8), we observe that the inequality
easily hold for sufficiently large
∼
M . Later we will choose an optimally small
∼
M , because
larger
∼
M leads to smaller t∗, which in turn requires more extreme initial profiles for the
blow-up.
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Following the argument in [4], and from (4.12) we infer the inequalities
D
Dt
m1 ≤ µm21 +K(0)(m2 −m1), a.e. on (0, t∗),
D
Dt
m2 ≤ µm22 +K(0)(m2 −m1), a.e. on (0, t∗).
(4.13)
We are still following the argument in [4]: Summing up the two equations in (4.13), we
have
D
Dt
(m1 +m2) ≤ µ(m21 +m22) + 2K(0)(m2 −m1)
= (m2 −m1)
{
2K(0)− µ(m1 +m2)
}
+ 2µm22.
(4.14)
If we assume that
m1(0) +m2(0) ≤ 2K(0)
µ
,
we see that m1(t) +m2(t) remains so for all time. Using this fact, we consider
D
Dt
m1 ≤ µm21 +K(0)(m2 −m1)
≤ µm21 +K(0)
(
2K(0)
µ
−m1
)
−K(0)m1
= µ
(
m1 − K(0)
µ
)2
+
K2(0)
µ
.
(4.15)
Defining m(t) := m1(t)−K(0)/µ, and since µ < 0, we obtain
D
Dt
m ≤ µm2, a.e. on (0, t∗).
Integration yields
(4.16) m(t) ≤ m(0)
1−m(0)µt.
Therefore,
(4.17) m(t)→ −∞, as t→ 1
m(0)µ
.
The above argument can be summarized as follows:
Lemma 4.2. If m1(0) ≤ 2K(0)µ −m2(0), then
m(t) := m1(t)− K(0)
µ
→ −∞,
as t→ 1
m(0)µ
.
Proof. Since m1(0) ≤ 2K(0)µ −m2(0), we have m1(0) ≤ 2K(0)µ < 0, because m2(0) ≥ 0 and
µ < 0. Furthermore, since m(0) = m1(0)− K(0)µ ≤ K(0)µ < 0, from (4.16), we have
m(t)→ −∞
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as
t→ 1
m(0)µ
.

As noted earlier, in order to validate our argument, we need to show that the blow-
up occur before t∗. In addition to this, it is required to prove t∗ ≤ t∗∗. These will be
fulfilled by choosing an appropriate
∼
M in (4.6). We first state and prove some elementary
inequality:
Lemma 4.3. For any A,B > 0, if
κ :=
3
4
1√
A
B + 3
4
1√
A
,
then
3
4
1
(κA)3/2
>
B
A− Aκ.
Proof. Simplifying the following fraction
(4.18)
3
4
1
(κA)3/2
/
B
A− Aκ,
gives
3
4
1√
A
(1− κ)
/
Bκ3/2.
Substituting the given κ into above, we get√
B + 3
4
1√
A√
3
4
1√
A
,
which is strictly greater than 1. This completes the proof. 
We now let
A := um0 + 1, B := µ+
3
2
1√
1 + uM0
,
and
∼
M :=
3
4
M{
κ(um0 + 1)
}3/2 ,
with κ is defined in the above lemma. i.e.,
κ =
3
4
1√
A
B + 3
4
1√
A
=
(
4
3
µ
√
1 + um0 + 2
√
1 + um0√
1 + uM0
+ 1
)−1
.
Then since,
t∗∗ =
1
M
{
1 + um0 −
(
3
4
M
∼
M
)2/3}
, t∗ =
1
∼
M
(
µ+
3
2
1√
1 + uM0
)
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from (4.8) and (4.10), we have
t∗∗
t∗
=
∼
M
M
/
B
B − Aκ,
which is equivalent to (4.18). Therefore, applying Lemma 4.3, we obtain
t∗∗ > t∗.
Next we show that the blow-up occur before t∗. More precisely, we show that if
(4.19)
m1(0) ≤ min
[
2K(0)
µ
−m2(0), 1
µ
(
3
4
M
(κ(um0 + 1))
3/2
)(
µ+
3
2
1√
1 + uM0
)−1
+
K(0)
µ
]
,
then m(t) → −∞ as t → t∗. From Lemma 4.2, we observe that m1(0) ≤ 2K(0)µ −m2(0)
leads to the blow-up of m(t) as t→ 1
m(0)µ
. Therefore, it suffices to show that 1
m(0)µ
≤ t∗.
From (4.19), since m(0) = m1(0)− K(0)µ we have
m(0) ≤ 1
µ
(
3
4
M
(κ(um0 + 1))
3/2
)(
µ+
3
2
1√
1 + uM0
)−1
.
By rearranging,
1
m(0)µ
≤ 4(κ(u
m
0 + 1))
3/2
3M
(
µ+
3
2
1√
1 + uM0
)
=
1
∼
M
(
µ+
3
2
1√
1 + uM0
)
= t∗.
Hence, we complete the proof of Theorem 3.1.
References
[1] F. Betancourt, R. Burger, K. H. Karlsen and E. M. Tory. On nonlocal conservation laws modelling
sedimentation. Nonlinearity., 24: 855–885, 2011.
[2] M. Burger and Y. Dolak and C. Schmeiser. Asymptotic analysis of an advection-dominated chemo-
taxis model in multiple spatial dimensions. Commun. Math. Sci. , 6(1):1–28, 2008.
[3] J. Castillo, and F. Benitez Castillo. On the Functional Form of the Speed-Density Relationship I.
Transp. Res. Rec. B, 29(5): 373–389, 1995.
[4] A. Constantin and J. Escher. Wave breaking for nonlinear nonlocal shallow water equations. Acta
Math., 181: 229–243, 1998.
[5] Y. Dolak and C. Schmeiser. The Keller-Segel model with logistic sensitivity function and small
diffusivity. SIAM J. Appl. Math., 66: 286–308, 2005.
[6] S. Engelberg, H. Liu and E. Tadmor Critical Thresholds in Euler-Poisson equations. Indiana Univ.
Math. J., 50: 109–157, 2001.
[7] L. Hall and K. Agyemang-Duah. Freeway capacity drop and the definition of capacity. Transp. Res.
Rec., 1320: 91–98, 1991
[8] K. Hamer. Nonlinear effects on the propagation of sound waves in a radiating gas. Quart. J. Mech.
Appl. Math., 24: 155–168, 1971.
[9] D. D. Holm and A. N. W. Hone. A class of equations with peakon and pulson solutions (with a
appendix by Braden H and Byatt-Smith). J. Nonlinear Math. Phys, 12 Suppl. 1: 380–394, 2005.
[10] J. K. Hunter. Numerical solutions of some nonlinear dispersive wave equations. Lect. Appl. Math,
301–316, 1990.
[11] V. M. Hur. Wave breaking in the Whitham equation arXiv:1506.04075, 2017.
WAVE BREAKING IN A CLASS OF NON-LOCAL CONSERVATION LAWS 15
[12] A. Kurganov and A. Polizzi. Non-oscillatory central schemes for traffic flow models with Arrhenius
look-ahead dynamics. Netw. Heterog. Media., 4: 431–451, 2009.
[13] G. Kynch. A theory of sedimentation. Trans. Fraday Soc., 48: 66–76, 1952.
[14] Y. Lee. Thresholds for shock formation in traffic flow models with nonlocal-concave-convex flux. J.
Differential Equations., 266(1) : 580-599, 2019.
[15] Y. Lee. Upper-thresholds for shock formation in two-dimensional weakly restricted Euler-Poisson
equations. Comm. Math. Sci., 15(3) : 593–607, 2017.
[16] Y. Lee and H. Liu. Thresholds in three-dimensional restricted Euler-Poisson equations. Phys. D, 262
: 59–70, 2013.
[17] Y. Lee and H. Liu. Thresholds for shock formation in traffic flow models with Arrhenius look-ahead
dynamics. DCDS-A, 35(1): 323–3339, 2015.
[18] Y. Lee and H. Liu. Threshold for shock formation in the hyperbolic Keller-Segel model. Appl. Math.
Lett., 50: 56–63, 2015.
[19] D. Li, and T. Li. Shock formation in a traffic flow model with Arrhenius look-ahead dynamics. Netw.
Heterog. Media., 6: 681–694, 2011
[20] J. Li, and H. M. Zhang. Fundamental diagram of traffic flow. Transp. Res. Rec., 2260: 50–59, 2011.
[21] M. J. Lighthill and G. B. Whitham. On kinematic waves: II. A theory of traffic flow on long crowded
roads. Proc. Roy. Soc., London, Ser. A, 229: 317–345, 1955
[22] T. Li. Global solutions of nonconcave hyperbolic conservation laws with relaxation arising from traffic
flow. J. Differential Equations, 190: 131–149, 2003
[23] H. Liu. Wave breaking in a class of nonlocal dispersive wave equations. Journal of Nonlinear Math
Phys., 13(3): 441–466, 2006.
[24] H. Liu, E. Tadmor. Spectral dynamics of the velocity gradient field in restricted fluid flows. Comm.
Math. Phys., 228: 435–466, 2002.
[25] F. Ma, Y. Liu and C. Qu. Wave-Breaking phenomena for the nonlocal Whitham-type equations J.
Differential Equations., 261: 6029–6054, 2016.
[26] K.J. Painter and T. Hillen. Volume-filling and quorum sensing in models for chemosensitive move-
ment. Canad. Appl. Math. Quart., 10(4): 501–543, 2002.
[27] E. J. Parkes and V. O. Vakhneko. The calculation of multi-soliton solutions oof the Vakhnenko
equation by the inverse scattering method. Chaos Solitons Fractals., 13: 1819–1826, 2002.
[28] B. Perthame and A. Dalibard. Existence of solutions of the hyperbolic Keller-Segel model. Trans.
Amer. Math. Soc., 361(5): 2319–2335, 2009.
[29] P. I. Richards. Shock waves on the highway. Oper. Res, 4: 42–51, 1956
[30] J. Rubinstein. Evolution equations for stratified dilute suspensions. Phys. Fluids A., 2(1): 3–6, 1990.
[31] J. Rubinstein and J. B. Keller. Sedimentation of a dilute suspension. Phys. Fluids A., 1: 637–643,
1989.
[32] R. Seliger. A note on the breaking of waves. Proc. Roy. Soc. Ser. A., 303: 493–496, 1968
[33] A. Sopasakis and M. Katsoulakis. Stochastic modeling and simulation of traffic flow: Asymmetric
single exclusion process with Arrhenius look-ahead dynamics. SIAM J. Appl. Math., 66(3): 921–944,
2006.
[34] E. Tadmor and C. Tan Critical thresholds in flocking hydrodynamics with non-local alignment.
Philos Trans A Math Phys Eng Sc., 372(2028), 2014.
[35] V. O. Vakhnenko. Solitions in a nonlinear model medium. J. Phys., 25: 4181–4187, 1992.
[36] G. B. Whitham. Linear and nonlinear waves. John Wiley and Sons, 1974
[37] K. Zumbrun On a nonlocal dispersive equation modeling particle suspensions. Quart. Appl. Math.,
57: 573–600, 1999.
†Department of Mathematical Sciences, Georgia Southern University, Statesboro,
Georgia 30458
E-mail address : yongkilee@georgiasouthern.edu
